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ABSTRACT 
For any given set S of n distinct positive numbers, we construct symmetric 
n-by-n (strictly) totally positive matrix whose spectrum is S. T&s, in ord 
+ 
to be the 
qxctmm of an n-by-n totally positive matrix, it is necessary and suffi ‘ent that n 
numbers be positive and distinct. 
I 
Au n-by-n matrix A = (Q~,) is called tottzlly ~~~gutiue if all orsof A 
are nonnegative; A is further called tOtaay positive if ail its * ors are 
positive. If A is totally nonnegative and some positive-integer powe 
exponent of A. F 
k of A is 
totally positive, then A is called oscfllatoy. The smallest such k is called the 
It is known that all eigenvalues of a totally nonnegative atrix are 
nonnegative real numbers and that the eigenvalues of a totally pos tive (and, 
therefore, an oscillatory) matrix are distinct positive numbers [2, pp. MO-1011. 
I 
In response to a query from R. B. Kellogg, we constructively not that the 
converse is also true: any n distinct positive numbers are the eige values of 
some totally positive (in fact, symmetric and tot&y positive) n-by matrix. 
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THEOREM. Let O<A,<X,< ... <A,, begiven. Thereisasymmetdc 
n-by-n totally positive matrix A whose eigenvalues are X 1,. . . , h ,,. 
Prooj-, LA pi = Pp-l), i = 1 , . . . , n. According to [3, 41, for example, 
there is a symmetric tridiagonal n-by-n matrix B = ( bi j), with bi, i+ 1 = bi+ 1, i 
>o, i=l ,...,n-1, whose eigenvalues are O<~r<~s< *.a <p,,. The 
matrix B is totally nonnegative (which can be easily checked, or see [2, p. 931) 
and, in fact, oscillatory with exponent n - 1 [2, p. 1191. (The Iatter fact may 
also be seen by noting that each compound of B is primitive and has a power, 
no more than the (n - l)“, positive, using the graph of the compound and the 
formulae [2, pp. 92-931.) Let A = B”-‘. Then A satisfies the assertion of the 
theorem. W 
The matrix A may actually be constructed, as several constructions of 
matrices B have been given [6, 4, 3, 11. 
HISTORICAL NOTE. Let h,<p,<Aa<ps< **a <p,,_r<A, be given. 
There is actually a (unique) symmetric tridiagonal matrix .I with positive 
codiagonal entries such that A,, . . . , X ,, are the eigenvalues of J and 
Pr,..., pn _ r are the eigenvalues of the leading (n - l)-by-(n - 1) principal 
submatrix of J. (This is, of course, more than we have used.) Historically, 
Hochstadt [5,6] showed the uniqueness of such a matrix 1, without realizing 
its existence. The later papers by Gray and Wilson [3] and Hald [4] construc- 
tively noted the existence of I, while the paper by deBoor and Golub [l] gives 
an alternate numerical construction of 1. However, the existence of such a 
matrix J actually foUows immediately from, for example, a much earlier paper 
of Wend&f [7]. He notes that the polynomial with roots pi and the 
polynomial with roots Xi occur as consecutive terms in a three-term recur- 
rence relation (with proper sign conditions), and the entries of J can be 
simply assembled from this relation. The uniqueness of I also follows from 
such an observation, as noted in [l]. 
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